1. Introduction 1.1. Macaulay posets. Let P be a ranked poset with the associated partial order , and let N i (P) be its i-th level. (For ranked poset see 9] .) For any x 2 N i (P) the shadow of x is the set x of all y 2 N i?1 (P) such that y x, and for X N i (P) the shadow X is the union of all x with x 2 X. P is said to be a Macaulay poset if there exists a linear order of its elements such that for all natural numbers i and 1 m jN i (P)j the set C(m; N i (P)) of the (with respect to ) smallest m elements of N i (P) satis es the two below conditions:
(1) j C(m; N i (P))j j Xj holds for all X N i (P) with jXj = m. (2) C(m; N i (P)) consists of the smallest j C(m; N i (P))j elements of N i?1 (P). In the following we always assume that P is a Macaulay poset. For X N i (P) we abbreviate the set of the smallest jXj elements of N i (P) by C(X; N i (P)) and call it the compression of X. We say that X is compressed if C(X; N i (P)) = X. If there is no danger of ambiguity we write N i , C(X), and C(m; i) instead of N i (P), C(X; N i (P)), and C(m; N i (P)), respectively.
As an example we mention that, by a theorem of Clements and Lindstr om 7], cartesian products of chains are Macaulay posets. These Date: June 1996. posets are known to posess also several other properties which we will introduce now. The little{submodularity of chain products was proven by Clements 3] (for a simpli ed proof see 9]).
1.3. Additivity. X N i is said to be a segment if X consists of The interesting observation that P is additive if and only if P is little{submodular is due to Engel 9 ].
1.4. Shadow{increasingness. The Macaulay poset P is called shadow{increasing if the inequality j C(m; i ? 1)j j C(m; i)j is satis ed for all i and 1 m minf jN i?1 j; jN i j g. Clements 3] showed that chain products are shadow{increasing. Another, very simple proof is contained in 6] where the authors make use of an idea of Kleitman. They embed a chain product P into another chain product Q of higher dimension and apply the additivity of Q in a very elegant way (see also 9]). We shall argue in a similar manner in section 2. This question was answered for chain products (and the usually considered weight functions) by Clements 5] generalizing earlier results of Daykin 8] and Kleitman 12] . His result was again generalized signi cantly by Engel 9] who was able to answer the above question for the class of all Macaulay posets P such that P and its dual P are graded, little{submodular, and shadow{increasing, where the weight functions considered are nonnegative{valued, constant on the levels, and increasing with the levels. Since the dual of a chain product is again a chain product his theorem can be applied to these Macaulay posets.
We should mention that the dual P of P is the poset on the same set of elements given by x y () x y. It is well{known that the dual of a Macaulay poset is again a Macaulay poset (see Bezrukov 2] ), where one can take the reverse of as the corresponding linear order .
In the next section we will prove shadow{increasingness for another pair (P; P ) which is known to posess the other properties for the above application. the same case is due to London 17] . In the k 1 = : : : = k n = 1 case their result reduces to the famous Kruskal{Katona theorem 13, 11]. Engel 9] proved that their result remains valid without the restriction k n ? k 1 1 by observing that colored complexes are the duals of the star posets (to be de ned in the next paragraph) for which the corresponding statement was known to be true. Using a notion from 10], we will refer to Engel's result as the colored Kruskal{Katona theorem.
The proof of the little{submodularity of Col (k 1 ; : : :; k n ) is also due to Engel 9] . For x = (x 1 ; : : :; x n ) 2 T (k 1 ; : : : ; k n ) and j 2 f1; : : : ; k n g let us now introduce the sets x(j) := f`j x`= jg. The linear order is de ned by x y if with respect to the lexicographic order (see paragraph 2.1) y(j) is smaller than x(j), where j is the smallest number satisfying x(j) 6 = y(j).
T (k 1 ; : : : ; k n ) is a Macaulay poset with the corresponding linear order (for a proof see 9] or 15]). Special cases of this statement have been proven earlier: In the k 1 = k n = 1 case we again have the Kruskal{Katona theorem 13, 11], the case k 1 = k n = 2 was esentially solved by Lindstr om 16], the k 1 = k n case has been settled by Leeb 14] and independently by Bezrukov 1] . Clements 4] showed that star posets are additive, his proof was simpli ed by Engel 9] who used the embedding idea of Kleitman. Consider Q = T (k 1 ; : : : ; k n?1 ; k n ; k n ). For x = (x 1 ; : : :; x n ) 2 P and j 2 f0; 1; : : : ; k n g denote the vector (x 1 ; : : : ; x n ; j) by (x; j). N i (Q) , where G \ G 0 0 = ;, and G G 0 0 is compressed. Therefore the new{shadow of G consists of all elements of G whose last components are di erent from 0. Since (x; j) 2 G 0 j for all x 2 G j , we may infer j new Gj P kn j=1 j G j j:
(1) By the de nition of , it is not di cult to observe that G 1 ; : : :; G kn ?1 are compressed subsets of N i (P). Furthermore, G kn = F 1 holds. Introducing g j := jG j j for j = 1; : : : ; k n ? 1, it follows that P kn j=1 j G j j = P kn ?1 j=1 j C(g j ; N i (P))j + j F 1 j: 
By the de nition of , for j 2 f1; : : :; k n ? 1g the set C(g j ; N i (Q)) consists of all (x; 0) with x 2 C(g j ; N i (P)), and C(m; N i (Q)) consists of all (x; 0) with x 2 F 2 . This implies j C(g j ; N i (P))j = j C(g j ; N i (Q))j 8j 2 f1; : : :; k n ? 1g (6) and j C(m; N i (Q))j = j F 2 j:
(7) Now the assertion follows by (5), (6) , and (7).
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